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Overview of Preferences and Utility

Vectors of goods: x = (x1, . . . , xg ), y = (y1, . . . , yg ): in IRg
++

Preferences: x ⪯ y (x ∼ y if also y ⪯ x , otherwise x ≺ y)

Initial axioms used by economists

(A1) completeness: ∀ x , y , either x ⪯ y or y ⪯ x

(A2) transitivity: x ⪯ y , y ⪯ z =⇒ x ⪯ z

(A3) closedness: R :=
{
(x , y)

∣∣ x ⪯ y
}
is closed in IRg

++
× IRg

++

(A4) monotonicity: x ≺ y if x ≤ y , x ̸= y

Utility representation: u : IRg
++

→ IR with u(x) ≤ u(y) ⇔ x ⪯ y

• (A1)+(A2) ⇒ existence, (A3) ⇒ continuous

• (A4) ⇒ strictly increasing in all variables

Challenge: securing also properties of smoothness and concavity



Quasi-Concavity and Quasi-Smoothness

Further axioms used by economists

(A5) the sets P(x) =
{
y
∣∣ x ⪯ y

}
are convex

P : IRg
++ →→ IRg

++
is convex-set-valued, gphP = R

(A6) only one hyperplane supports P(x) at x

NP(x)(x) =
{
− λn(x)

∣∣λ ≥ 0
}
for unique “unit” n(x)

intP(x) =
{
y
∣∣ x ≺ y

}
P(x) = P(y) ⇐⇒ x ∼ y

Basic utility: for any e ∈ IRg
++
, ue(x) := unique t with te ∼ x



The Key to Smooth Utility Representations

Scaling structure: Θx ,y =
{
(r , s)

∣∣ rx ∼ sy
}

for any x , y ∈ IRg
++

Θx ,y = gph θx ,y for a function θx ,y from (0,∞) onto (0,∞)
θx ,y is one-to-one, continuous, increasing, and intrinsic

Theorem: first-order smoothness, “C1 preferences”

∃ utility function u ∈ C1 with ∇u(x) ̸= 0 always

⇐⇒ the basic utility functions ue have this character

⇐⇒ the scaling functions θx ,y have derivatives θ′x ,y (r)
that depend continuously on x , y

∇ue(x) = [θ′e,x(1)/n(x)·x ] n(x)

General utility from basic utility: for any e ∈ IRg
++
,

u(x) represents the given preference relation
⇐⇒ u(x) = θ(ue(x)) for an increasing function θ



Characterizing Higher-Order Smoothness

Recall: −n(x) is the unit normal to P(x) at x

Quasi-smoothness, first-order: the mapping x 7→ n(x) is C0

(this follows from facts about convergencing convex sets)
=⇒ the boundary of P(x) is a C1 manifold

Quasi-smoothness, second-order: the mapping x 7→ n(x) is C1

=⇒ the boundary of P(x) is a C2 manifold

Theorem: second-order smoothness, “C2 preferences”

∃ utility function u ∈ C2 with ∇u(x) ̸= 0 always

⇐⇒ the basic utility functions ue have this character

⇐⇒ (a) second-order quasi-smoothness holds, and

(b) the scaling functions θx ,y have derivatives θ′x ,y (r)
that depend continuously differentiably on x , y

(this can proceed to higher and higher orders)



Graphical Smoothness of Preferences

Recall: R = gphP =
{
(x , y)

∣∣ x ⪯ y
}

closed set ⊂ IRg
++

× IRg
++

bdryR =
{
(x , y)

∣∣ x ∼ y
}
, intR =

{
(x , y)

∣∣ x ≺ y
}

R is epi-Lipschitzian, hence bdryR is a Lipschizian manifold

Definition of graphical smoothness:
first-order: bdryR is a C1 manifold

second-order: bdryR is a C2 manifold

Theorem: utility smoothness versus graphical smoothness

The previous smoothness properties correspond to these properties

plus: the mapping P : x 7→ P(x) is sub-Lipschitz continuous

∀ρ, ∃κ: P(x ′) ∩ ρIB ⊂ P(x) + κ|x ′ − x |IB for x , x ′ ∈ ρIB



Existence of Concave Utility Representations

Strong convexity of preferences: sets P(x) “reliably curved”

locally around any x̄ , there exists σ > 0 such that
x , x ′ ∼ x̄ =⇒ [n(x ′)− n(x)]·[x ′ − x ] ≤ −σ|x ′ − x |2

Theorem: guaranteed concavity of utility

For C2 preferences and any compact convex set C ⊂ IRg
++
,

∃ representation by a C2 utility function u(x) that is
concave relative to C and moreover minimally so

Minimally concave utility representation: u(x) on C such that
all others are of the form θ(u(x)) for a concave function θ

minimally concave utility is unique up to affine rescaling!

thus unique up to a choice of units, like Celsius/Fahrenheit
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