CONSTRUCTION OF OPERATORS
WITH WILD DYNAMICS.

Robert Deville, E. Strouse
University of Bordeaux.
Non linear phenomena with only linear operators.



Wild dynamics with 3 orthogonal projections.

Let H be an infinite-dimensional Hilbert space.

Theorem (Kopecka-Muller-Paszkiewicz). There exist three or-
thogonal projections Py, P>, P3 onto closed subspaces of H such that
for every zg € H\{0}, there exist kq, kp,--- € {1,2,3} so that the
sequence of iterates defined by z,41 = P, zn does not converge in
norm.



Hypercyclic operators.

Let (X,]|-||x) be a Banach space and T € L(X).
e Set of hypercyclic vectors of T :
HC(T) .= {x € X; the sequence (T"x) is dense in X }
T is hypercyclic if HC(T) # (. In this case, HC(T) is dense.

Theorem . For every separable Banach space X such that
dim(X) = oo, there exists T' € L(X) such that T is hypercyclic.

Moreover, we can construct 71" so that I — T is compact.

Read : There exists T € £(¢1(N)) such that HC(T) = ¢1(N)\{0}.



Universality of hypercyclic operators.

Theorem (Feldmann) :

T here exists a separable Hilbert space H

and there exists an hypercyclic operator T' € L(H)
with the following property :

for every compact metric space K,
for every continuous function f: K — K,

there exists a compact subset L of H stable by T and an
homeomorphism & : K — L such that

Pof=Too.



A theorem of Hajek, Smith and Augé.
e U(T) = {x € X; the sequence (||T™x||) is unbounded.

Uniform boundedness principle. U(T) is either empty or
residual.

e A(T) ={x € X, the sequence (||T™x||) tends to +oo}.
Is A(T) either empty or dense ?

e Answer : no. Hajek and Smith constructed counterexamples
iIn every separable Banach space with symmetric basis.

_I_
e (Muller) If X is real and Z < 400 then A(T) is dense

> T



A theorem of Hajek, Smith and Augé.

o U(T) ={x € X, the sequence (||T™x||) is unbounded.

Uniform boundedness principle. U(T) is either empty or
residual.

e A(T) = {z € X; the sequence (||T™z||) tends to +oo}.
o R(T) ={x € X; liminf |[T"x—z| = 0} (recurrent points of T).

Theorem (J. M. Augé) : For every separable Banach space
X with dim(X) = oo, there exists T' € £(X) such that

{R(T),A(T)} is a partition of X,
e both R(T) and A(T) have non empty interior.

Moreover, we can construct 7' so that I — T is compact.



Recurrent points.

o A(T) = {x € X; the sequence (||T"z||) tends to +oc}.
e B(T)={ze€ X,; 0<liminf||[T"x —x|| < +o0}
o R(T) ={x € X; liminf ||[T"x—z| = 0} (recurrent points of T).

Theorem (Augé) : For every separable Banach space X with
dim(X) = oo, there exists T' € £L(X) such that

o {R(T),A(T)} is a partition of X,
e both R(T) and A(T) have non empty interior.

Theorem (Deville - Strouse) : For every separable Banach
space X with dim(X) = oo, there exists T € L(X) such that

o {R(T),B(T)} is a partition of X,
e both R(T) and B(T) have non empty interior.



The sum of two operators.

Let D, R be two operators on X satifying :
RoD=R R2=0
Denote T'= D + R. Then for each n > 1,

™=D"+(I+D+---+D"1HoR

Example.

D, R € £(C?), D with matrix where \ = ei™/™,

1 O
O A\
R with matrix 0 r

O O

The matrix of T=D+ R |s<é:>



The operator T on C2.

T € £(C2) with matrix ( é ; )

1 T)\n

Matrix of T" < 0 A"

n—1
) where A\, = > Mk
k=0

, 1
If A = eim/m and — L r<l, then
m

e |T"— Id|| is small
o T°M = [d
e |77 is of order rm (hence large),

because  Z2n < |A\g|<n  ifn<m.
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The sum of two operators.

The operator T' of the theorem of Augé will be T'= D + R,
where D, R satify :

RoD =R R2 =0

So, for each n > 1,
™=D"+({I+D+---+D"1oR

If X has a Schauder basis (ey),

—+oc0
P: X —C2 z= Y znen Px = (x1,x2)

n=1
Let F = {(561,%2) € C?; |z1| > |332|}-

A(T) ={z € X; |[T"z|| - oo} = {z € X; Pz ¢ F}

R(T) = {z € X; liminf |T"z — x| =0} = {x € X; Pz € F|



Wild sequences of linear forms on C2,

Proposition : Let F c C2.
Assume F'is closed and union of linear subspaces.

There exists linear forms f;. : C2 — C such that :

e forall x € F, liminf|fi.(z)| = 0,
e forall x ¢ F, Iim|fi(xz)| = +cc.

Example : F = {(21,22) e C?; |z1| > |22‘}
F and C2\F have non empty interior.



Wild sequences of linear forms on C2,

Proposition : Let F c C2.
Assume F'is closed and union of linear subspaces.

There exists linear forms f;. : C2 — C such that :

e forall x € F, liminf|fi.(z)| = 0,
e forall x ¢ F, Iim|fi(xz)| = +cc.

Example : F = {(zl,z2) e C?; |z1| > |z2|}
F and CQ\F have non empty interior.

Let D:={z €C,; |z| < 1}. There exists (a;) C D such that :

VzeD dpp <k, pp— oo suchthat |z—ap|< \%.

fr(21,22) = kY4(25 — ap21). Note ||fi]l = O(k1/4).



The diagonal operator D.

If mp = k!, then mgimgy; and my Z M — 0 as p = oo.
k>p m

A =X =1 and for k>3, M\, =™/ Mh+1,

—+ o0 o0
Tr = Z Tnén Dx = Z AnZTnén
n=1

n=1

where (eyn) is a Schauder basis of X.

If X has no Schauder basis, work with a Markushevic basis.



The diagonal operator D.

£l

If my = k!, then myg|mgyq and myp » = — 0 as p — oco.
k>p m

M =X =1 andfor k>3, A\, =™/ Mk+1,

—+ o0
Tr = Z Tn€n Dx = ATnén
n=1

n=1

e D is bounded D — I compact

o forall z € X, limD?"Mng =g, A2 =1 ifn >k



The operator R.

400
P: X —5C2 =Y znen Px = (x1,x2)

n=1

T fp(Px)

Ra:zz

k=3 %k

ey R is compact



The operator R.

400
P: X —5C2 =Y znen Px = (x1,x2)
n=1
+oo P
Rx = Z Ji( x)ek R is compact
k=3 Mk

It is easy to check that R2=0 RoD =R.

Therefore, it T =D + R,
Tz =D"+ U+ D+---+ D" 1) (Rx)



The operator R.

400
P: X —5C2 =Y znen Px = (x1,x2)
n=1
+oo P
Rx = Z Ji( x)ek R is compact
k=3 Mk

It is easy to check that R2=0 RoD =R.

Therefore, it T =D + R,
Tz =D"+ U+ D+---+ D" 1) (Rx)

n—1 /
e I+D+ -+ D" e, = Akn€k = (gz:o )\k>ek-

2
Ak,Qmp =0 |>‘k,n| > e |>‘k,n| <n
ifp>k if n < myg for all n



Construction of T.

+00
P:X —5C2 z= Y znen Pr = (x1,x5)

n=1

—+ o0
T'r = Dx + Rx = Z ALTrer + Z fk(Px)

k=1 k=3 Mk




Construction of T.

400
P:X—C2 =Y znen Px = (x1,x2)
n=1
o0
P
Tx = Dx + Rx = Z ALTrer + Z ~ Ji€ w)
k=1 k=3 "k

e I'— 1= (D—-1)+4+ R is compact,

100 )\ Px n—1
e "z =D"z+ > knﬁ: )ek where A, = > Ai
k=3

A(T) ={z € X; |T"z|| - oo} = {z € X; Pz ¢ F}

R(T) = {z € X; liminf |T"z — x| =0} = {z € X; Pz € F}|



Construction of T.

+o0 P
Tx = Dx + Z JiC x)ek Px = (x1,x2)
k=3 Mk
TN Pz nl
T"z =Dz + 3 kan 1 )ek Nem = > A
k=3 e (=0

Enough to show :

Px ¢ F = ||T"x|]| > +o0 and Px € F = liminf |[|[T"z—z| =0



Construction of T.

P

Tx = Dx + Z ~ fi( a:) Px = (x1,x2)
mg

—+ o0 A\ P n—1

k=3 e

Enough to show
Px ¢ F = ||T"x|]| > +o0 and Px € F = liminf |[|[T"z—z| =0
If Pr ¢ F and my <n <myy1, then  |[Ag,|>2n > 2my,  so

A Px
ko k(P2) —|fk(Pa:)| — 00,as k — oo. Hence ||T"z|| — 40
mi




Construction of T.

Too ) Px
T"r = D"x + R, Where Rpr = Z k’nfk( )ek
k=3 m

liminf |77z — || < liminf ||T°"z — x| < liminf || Roy,, ||

because T°™rx—x = (Dzmpa;—a;>—|—R2mpx and || D2z —z| — 0.

If £ < p, )\kamp = 0.

Ap,Qmpfp(PCB)

ifk=p, [22mD| o p o))
Ao [ (P
I h>p, [ L2lED) < 20y g (P < 2mp LBl | o)

So Iiminf[[Rop,z| < 2liminf|fp(Pz)l.

Finally, if Px € F', then liminf||T"z — x| = 0.



The operator U.

Let H = @»(C?™,||-||co) U € L(H) restricted to C?™k satisfies

U(en) = agep41
ka—l

whenever 1 <n <2m; where o =k and
U(Gka) — 61/k.
For all x € X, imU2"x =2 and U non invertible.

k
(recall, we also have Iill;n S2Mky = ).

Theorem (S. Tapia)
If T € L(X x H) is defined by T'(x,y) = (Txz,Uy), then

o {R(T’),A(T’)} is a partition of X x H,
o R(T")=R(T)xH and A(T") = A(T)xH have non empty interior.

e 7’ is not invertible.



