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Decoupling approach

fi,fh: X = RU{+o00}

X3 x (f+ h)(x)
X x X 3 (x1, %) = fi(x) + H(x)
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Decoupling approach

fi,fh: X = RU{+o00}

X3 x (f+ h)(x)
X x X 3 (x1, %) = fi(x) + H(x)

d(xi, x2) is small
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Outline

@ Uniform infimum and uniform lower semicontinuity

© Quasiuniform infimum and quasiuniform lower semicontinuity

© Uniform infimum over a set

@ Quasiuniform minimum: fuzzy multiplier rules
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Outline

@ Uniform infimum and uniform lower semicontinuity
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X is a metric space, f1,f: X - RU{+o0}, UC X
|rlef(f1+f2)
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X is a metric space, f1,f: X - RU{+o0}, UC X
n&f(ﬂ + £)
Uniform infimum:

N (R, f) = lim inf (f(x1) + H(x))

x1,x€U; d(x1,x2)—0
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X is a metric space, f1,f: X - RU{+o0}, UC X
|rlef(f1+f2)

Uniform infimum:

N (R, f) = liminf (f(x1) + H(x))
x1,x€U; d(x1,x2)—0
Mol )=, limind () + ()
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X is a metric space, f1,f: X - RU{+o0}, UC X
|rlef(ﬂ+f2)

Uniform infimum:

N (R, f) = liminf (f(x1) + H(x))
x1,x€U; d(x1,x2)—0
Ay(fi, ) == liminf (h(x) + H(x2))

d(X1 ,X2)~>0, d(X]_ s U)*)O

Borwein & loffe, 1996; Borwein & Zhu, 1996; Lassonde, 2001

Decoupled infimum (Borwein & Zhu, 2005)
Stabilized infimum (Penot, 2013)
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X is a metric space, f1,f: X - RU{+o0}, UC X
|rlef(ﬂ+f2)

Uniform infimum:

N (R, f) = liminf (f(x1) + H(x))
x1,x€U; d(x1,x2)—0
Ay(fi, ) == liminf (h(x) + H(x2))

d(X1 ,X2)~>0, d(X]_ s U)*)O

Borwein & loffe, 1996; Borwein & Zhu, 1996; Lassonde, 2001

Decoupled infimum (Borwein & Zhu, 2005)
Stabilized infimum (Penot, 2013)

AU(fh f2) S A?J(fh f2) S I?Jf(ﬂ + f2)
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Uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = liminf (h(x1) + h(x))

x1,x€ U, d(X1,X2)—>0

Alexander Kruger (Ballarat) Decoupling approach revisited Limoges 2023 7/27



Uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = liminf (h(x1) + h(x))

x1,x€ U, d(X1 ,X2)—>0

Definition (Borwein & loffe, 1996; Borwein & Zhu, 1996)

Q (£, f>) is uniformly Isc on U if

inf(f + £) < Ay(h, f)
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Uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = liminf (h(x1) + h(x))

x1,x€ U, d(X1 ,X2)—>0

Definition (Borwein & loffe, 1996; Borwein & Zhu, 1996)

Q (£, f>) is uniformly Isc on U if

inf(f + £) < Ay(h, f)

Q (fi,h)is uniformly Isc near a point X € dom f; N dom f; if it is
uniformly Isc on Bs(X) for all sufficiently small § > 0
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = xl,xQelliJr;T;'!(ing2)—>0(ﬂ(X1) + f(x2))

inf(f+ ) < Ay(h, )
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = liminf (h(x1) + h(x))

x1,x€ U, d(X1,X2)—>0

inf(f+ ) < Ay(h, )

Ou(fi, ) = lim sup (A0hR)u(x, %)

d(X1 ,Xg)*}O
x1Edom ANU, xo€dom HLNU
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = liminf (h(x1) + h(x))

x1,x€ U, d(X1,X2)—>0

inf(f+ ) < Ay(h, )

Ou(fi, ) = lim sup (A0hR)u(x, %)

d(X1 ,Xg)*}O
x1Edom ANU, xo€dom HLNU

(AOh)u(x1, %) == inf max{d(x,x1), (f + K)(x) — fi(x1) — L(x)}
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

ir&f(ﬂ + )
Ny(f, ) = Xl,mem(i?fxwo(ﬂ(xl) + f(x2))

inf(f+ ) < Ay(h, )

Ou(fi, ) = lim sup (A0hR)u(x, %)

d(X1 ,Xg)*}O
x1Edom ANU, xo€dom HLNU

(AOh)u(x1, %) == inf max{d(x,x1), (f + K)(x) — fi(x1) — L(x)}

domfyNdomfhNU# 2

Alexander Kruger (Ballarat) Decoupling approach revisited Limoges 2023 8/27



Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

Oy(fi. ) == lim sup (Aoh)ulx, x)

d(X1 ,X2)~>0
x1Edom ANU, xo€dom HNU

(AOh)u(x1, %) == inf max{d(x,x1), (f + K)(x) — i(x1) — (%)}
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

Oy(fi. ) == lim sup (Aoh)ulx, x)

d(X1 ,X2)~>0
x1Edom ANU, xo€dom HNU

(AOh)u(x1, %) == inf max{d(x,x1), (f + K)(x) — i(x1) — (%)}

Definition
Q (f1, ) is firmly uniformly Isc on U if ©5,(fi, ) =0

Alexander Kruger (Ballarat) Decoupling approach revisited Limoges 2023 9/27



Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

Oy(fi. ) == lim sup (Aoh)ulx, x)

d(X1 ,X2)~>0
x1Edom ANU, xo€dom HNU

(AOh)u(x1, %) == inf max{d(x,x1), (f + K)(x) — i(x1) — (%)}

Definition

Q (f1, ) is firmly uniformly Isc on U if ©y(fi,H) =0
Q (f, f2) is firmly uniformly Isc near a point X € dom f; N dom f; if
it is firmly uniformly Isc on Bs(x) for all sufficiently small 6 > 0
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

Oy(fi. ) == lim sup (Adh)u(x, x)

d(X].,XQ)*)O
x1Edom ANU, xo€dom HNU

(AOh)u(x1, %) == inf max{d(x, x1), (f + K)(x) — i(x1) — (%)}

(ULC) property (Borwein & loffe, 1996)

O}(fi,h) =0 & V{xi} Cdomf NU,{xx} C domf N U with
d(x1k, x0k) — 0, IH{xx} C U s.t. d(xx, x1x) — 0 and

limsup ((f + £)(x) — fi(xik) — B(xek)) <0

k——+o0
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Firm uniform lower semicontinuity

X is a metric space, f1,f: X - RU{+o0}, UC X

Oy(fi. ) == lim sup (Adh)u(x, x)

d(X].,XQ)*)O
x1Edom ANU, xo€dom HNU

(AOh)u(x1, %) == inf max{d(x, x1), (f + K)(x) — i(x1) — (%)}

(ULC) property (Borwein & loffe, 1996)

O}(fi,h) =0 & V{xi} Cdomf NU,{xx} C domf N U with
d(x1k, x0k) — 0, IH{xx} C U s.t. d(xx, x1x) — 0 and

limsup ((f + £)(x) — fi(xik) — B(xek)) <0

k——+o0

Sequential uniform lower semicontinuity (Borwein & Zhu, 2005);
coherent family (Penot, 2013)
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Outline

© Quasiuniform infimum and quasiuniform lower semicontinuity
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Quasiuniform infimum

X is a metric space, f1,f: X - RU{+o0}, UC X

Ny(f, ) = liminf  (f f
u(fi, k) XI,XZEJ;TL('Q&)_M( 1(x1) + (%))
Oy(fi, h) = lim sup (AOh)u(x, x2)
d(Xl,Xg)%O

x1E€dom ANU, xo€dom HLNU

(ROR)u(x, ) = inf max{d(x, x1), (f + £)(x) — fi(x) = hlx)}
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Quasiuniform infimum

X is a metric space, f1,f: X - RU{+o0}, UC X

Ny(f, ) = liminf  (f f
u(fi, k) XI,XZEJ;TL('Q,X”_}O( 1(x1) + (%))
Oy(fi, h) = lim sup (AOh)u(x, x2)
d(Xl,Xg)ﬁO

x1E€dom ANU, xo€dom HLNU

(ROR)u(x, ) = inf max{d(x, x1), (f + £)(x) — fi(x) = hlx)}

Ny(fi, ) == inf liminf  (f f
0l ) = 0B ) b g 100 F 2(2))
Oy(f. £) = sup lim sup (AOR)u(a, x)
VEEI(U) d(x1,x0)—0

x1Edom ANV, xpEdom LNV
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Quasiuniform infimum

X is a metric space, f1,f: X - RU{+o0}, UC X

Ny(f, ) = liminf  (f f
u(fi, k) XI,XZEJ;TL('Q,X”_}O( 1(x1) + (%))
Oy(fi, h) = lim sup (AOh)u(x, x2)
d(Xl,Xg)ﬁO

x1E€dom ANU, xo€dom HLNU

(ROR)u(x, ) = inf max{d(x, x1), (f + £)(x) — fi(x) = hlx)}

Ny(fi, ) == inf liminf  (f f
0l ) = 0B ) b g 100 F 2(2))
Oy(f. £) = sup lim sup (AOR)u(a, x)
VEEI(U) d(x1,x0)—0

x1Edom ANV, xpEdom LNV

Essentially interior subset: V € EI(U) < 3dp>0st. B,(V)C U
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Uniform lower semicontinuity

X is a metric space, f1,: X - RU{+o0}, U C X,
domfiNndomhNU#

Definition

Q (fi, ) is uniformly Isc on U if infy(fi + ) < AY(f, f)

Q (fi, f) is quasiuniformly Isc on U if infy(f + £) < Al (A, )
@ (f1, f2) is firmly uniformly Isc on U if ©y(f, ) =0

Q (fi, f) is firmly quasiuniformly Isc on U if ©1,(f, %) =0
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Uniform lower semicontinuity

X is a metric space, f1,: X - RU{+o0}, U C X,
domfiNndomhNU#

Definition

Q (fi, ) is uniformly Isc on U if infy(fi + ) < AY(f, f)

Q (fi, f) is quasiuniformly Isc on U if infy(f + £) < Al (A, )
@ (f1, f2) is firmly uniformly Isc on U if ©y(f, ) =0

Q (fi, f) is firmly quasiuniformly Isc on U if ©1,(f, %) =0

3)=@)=(2) and (3)=(1)=(2)
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Firm uniform lower semicontinuity

X is a metric space, f1,: X - RU{+o0}, U C X,
domfiNndomhNU#

Definition

© (f1, ) is firmly uniformly Isc on U if ©y(f, ) =0
Q (fi, f) is firmly quasiuniformly Isc on U if ©1,(f, %) =0
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Firm uniform lower semicontinuity

X is a metric space, f1,: X - RU{+o0}, U C X,
domfiNndomhNU#

© (fi, ) is firmly uniformly Isc on U if ©Y(fi,H) =0
Q (f, ) is firmly quasiuniformly Isc on U if GL(fl, f)=0

Proposition

Suppose (fi, ) is firmly uniformly (resp., firmly quasiuniformly) Isc,
and g: X — R is uniformly continuous on U. Then (fi,f, + g) is
firmly uniformly (resp., firmly quasiuniformly) Isc on U.
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Uniform lower semicontinuity: sufficient conditions

X is a metric space, f1,: X - RU{+o0}, U C X,
domfiNndomhNU#

Proposition

Suppose f; and f, are Isc on U, and infy f, > —o0

Q@ (Lassonde, 2001; Penot, 2013) (f,, f;) is uniformly Isc on U if U
has compact intersections with sublevel sets of f,
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Uniform lower semicontinuity: sufficient conditions

X is a metric space, f1,: X - RU{+o0}, U C X,
domfiNndomhNU#

Proposition

Suppose f; and f, are Isc on U, and infy f, > —o0

Q@ (Lassonde, 2001; Penot, 2013) (f,, f;) is uniformly Isc on U if U
has compact intersections with sublevel sets of f,

Q (f, ) is quasiuniformly Isc on U if U has relatively compact
intersections with sublevel sets of f
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Uniform lower semicontinuity: sufficient conditions

X is a normed space, f,f, : X = RU {400}, U C X,
domfiNndomhNU#

Proposition

Suppose f; and f, are weakly sequentially Isc on U, and
infy b > —c0

Q (fi, f) is uniformly Isc on U if U has weakly sequentially
compact intersections with sublevel sets of f;

Q (f, ) is quasiuniformly Isc on U if U has relatively weakly
sequentially compact intersections with sublevel sets of f;
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Firm uniform lower semicontinuity: sufficient

conditions

X is a metric space, i, : X = RU {400}, U C X,
domfiNdomhNU#D

(f1, ) is firmly uniformly Isc on U provided that one of the following
conditions is satisfied:

Q there is a ¢ € R such that f,(x) = ¢ for all x € dom f; N U, and
fr(x) > ¢ for all x € U\ dom f
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Firm uniform lower semicontinuity: sufficient

conditions

X is a metric space, i, : X = RU {400}, U C X,
domfiNdomhNU#D

(f1, ) is firmly uniformly Isc on U provided that one of the following
conditions is satisfied:

Q there is a ¢ € R such that f,(x) = ¢ for all x € dom f; N U, and
fr(x) > ¢ for all x € U\ dom f

Q@ domhNU={x}, x € domfy, and f; is Isc at x

Alexander Kruger (Ballarat) Decoupling approach revisited Limoges 2023 17 /27



Firm uniform lower semicontinuity: sufficient
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Firm uniform lower semicontinuity: sufficient

conditions

X is a metric space, i, : X = RU {400}, U C X,
domfiNdomhNU#D

(f1, ) is firmly uniformly Isc on U provided that one of the following
conditions is satisfied:

Q there is a ¢ € R such that f,(x) = ¢ for all x € dom f; N U, and
fr(x) > ¢ for all x € U\ dom f

Q@ domhNU={x}, x € domfy, and f; is Isc at x
© 1 is uniformly continuous on U

(3): Borwein & Zhu, 1996; Lasssonde, 2001; Borwein & Zhu, 2005
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Outline

© Uniform infimum over a set
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Uniform infimum over a set

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#o
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Uniform infimum over a set

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#g L=fFf f:=lIg
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Uniform infimum over a set

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#g L=fFf f:=lIg

Ny(f,ig) =  liminf
olfrio) = _ liminf =~ f(x)
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Uniform infimum over a set

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#g L=fFf f:=lIg

Ny(f,ig) =  liminf
olfrio) = _ liminf =~ f(x)

Uniform infimum (Lassonde, 2001), decoupled infimum (Borwein,
Zhu, 2005), stabilized infimum (Penot, 2013) of f on Q
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Uniform infimum over a set

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#g L=fFf f:=lIg

Ny(f,ig) =  liminf
olfrio) = _ liminf =~ f(x)

Uniform infimum (Lassonde, 2001), decoupled infimum (Borwein,
Zhu, 2005), stabilized infimum (Penot, 2013) of f on Q

N(f i) = inf liminf  £(x)

VEEI(U) xeV, d(x,2)—0

©y(f,iq) = limsup  inf max{d(u,x),f(u) —f(x)}
d(x,QNU)—0 veQNU
xedom fNU

@L(f, i) = sup limsup inf max{d(u,x),f(u)—f(x)}
VEEI(U) d(x,Q)—0 uenu
xedom fNV
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Relative uniform lower semicontinuity

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#o
@ f is uniformly Isc relative to Q on U if inf,canu f(u) < AY(f, iq)
@ f is quasiuniformly Isc relative to  on U if
infucanu F(u) < Aj(f, ia)
@ f is firmly uniformly Isc relative to Q on U if ©y(f, i) =0
Q f is firmly quasiuniformly Isc relative to Q on U if @L(f, o) =0
@ f is uniformly/quasiuniformly/firmly uniformly /firmly
quasiuniformly Isc relative to Q near x € dom f N Q if it is

uniformly/quasiuniformly /firmly uniformly/firmly quasiuniformly
Isc relative to Q on Bs(x) for all sufficiently small 6 > 0
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Relative uniform lower semicontinuity

X is a metric space, f : X - RU{+o0}, QU C X,
domfNQNU#o

@ f is uniformly Isc relative to Q on U if inf,canu f(u) < AY(f, iq)

@ f is quasiuniformly Isc relative to  on U if

infucanu F(u) < Aj(f, ia)

@ f is firmly uniformly Isc relative to Q on U if ©y(f, i) =0

Q f is firmly quasiuniformly Isc relative to Q on U if @L(f, o) =0

@ f is uniformly/quasiuniformly/firmly uniformly /firmly
quasiuniformly Isc relative to €2 near x € dom f N Q if it is
uniformly/quasiuniformly /firmly uniformly/firmly quasiuniformly
Isc relative to Q on Bs(x) for all sufficiently small 6 > 0

(2) and (4): Kruger & Mehlitz, 2022
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Outline

@ Quasiuniform minimum: fuzzy multiplier rules
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Uniform minimum

X is a metric space, f1,f : X - RU{+o0}, X € dom f; Ndom f,

© (Lassonde, 2001) X is a local uniform minimum of f; + £, if

(h+ 6)(X) = A%é()_()(ﬂ, f,) forsome ¢ >0
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Uniform minimum

X is a metric space, f1,f : X - RU{+o0}, X € dom f; Ndom f,

© (Lassonde, 2001) X is a local uniform minimum of f; + £, if

(h+ 6)(X) = A%é()_()(ﬂ, f,) forsome ¢ >0

© X is a local quasiuniform minimum of f, + £ if

(A +6H)(X) = ATE&(X)(fl’ f;) for some 4 >0
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Uniform minimum

X is a metric space, f1,f : X - RU{+o0}, X € dom f; Ndom f,

© (Lassonde, 2001) X is a local uniform minimum of f; + £, if

(h+ 6)(X) = AOE;(;)(fl’ f,) forsome ¢ >0

© X is a local quasiuniform minimum of f, + £ if

(A +6H)(X) = ATE,;(;)('[l’ f,) for some >0

Proposition

Suppose (f1, ) is uniformly (quasiuniformly) Isc near X.

X is a local uniform (quasiuniform) minimum of ff + f, &
X Is a local minimum of f; + f5. )

—Y—_—=———=—

Limoges 2023 22/27
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Quasiuniform minimum: fuzzy multiplier rules

X is a Banach space, fi,f, : X = RU{+o0} Isc, X € dom f; Ndom £,

Theorem

Let x be a local quasiuniform minimum of f; + f,. Then Ve > 0,

Ix, % € X st ||xi — X|| <e, |fi(x) — fi(x)] <e (i=1,2),
fi(x) + h(x) < (A + £)(X), and

d(0,0f(x) + 0H(x)) < e
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Quasiuniform minimum: fuzzy multiplier rules

X is a Banach space, fi,f, : X = RU{+o0} Isc, X € dom f; Ndom £,

Theorem

Let x be a local quasiuniform minimum of f; + f,. Then Ve > 0,

Ix, % € X st ||xi — X|| <e, |fi(x) — fi(x)] <e (i=1,2),
fi(x) + h(x) < (A + £)(X), and

d(0,0f(x) + 0H(x)) < e

If X is Asplund, then Ve > 0, Ix1,x € X s.t. ||x; — X|| < ¢,
Ifi(x;)) — fi(x)| <e (i=1,2), and

d(0,0" fi(x1) + 0" H(x)) < e.
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Quasiuniform minimum: fuzzy multiplier rules

X is a Banach space, fi,f, : X = RU{+o0} Isc, X € dom f; Ndom £,

Theorem
Let x be a local quasiuniform minimum of f; + f,. Then Ve > 0,

Ix, % € X st ||xi — X|| <e, |fi(x) — fi(x)] <e (i=1,2),
fi(x) + h(x) < (A + £)(X), and

d(0,0f(x) + 0H(x)) < e

If X is Asplund, then Ve > 0, Ix1,x € X s.t. ||x; — X|| < ¢,
Ifi(x;)) — fi(x)| <e (i=1,2), and

d(0,0" fi(x1) + 0" H(x)) < e.

Fuzzy multiplier rules under (firm) uniform lower semicontinuity:
Borwein & loffe, 1996; Borwein & Zhu, 1996; Borwein & Zhu, 2005
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Fuzzy sum rule

X is a Asplund space, fi,f : X = RU {+o0} Isc,
X € dom f; Ndom £,

Theorem

Suppose that one of the following conditions is satisfied:

(a) (f1, f) is firmly quasiuniformly Isc near x;
(b) X is reflexive, and f; and f, are weakly sequentially Isc;
(¢) dim X < 4o0.

Then Vx* € OF (A + K)(x) and e > 0, Ixy, x € X s.t. ||x — X|| <&,
|fi(xi) — fi(x)| <e (i=1,2), and

d(x*,0F fi(xa) + 0" H(x)) < e.
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Fuzzy intersection rule

X is a reflexive Banach space, Q1,2 C X, x € Q1 N,

Corollary

Let Q1,9 be weakly sequentially closed. Then, Vx* € N§ , (X) and
Ve >0, dx € Ql N Bs()_() and x; € QQ N Bs()_() S.t.

d(x*, N§, (1) + NG, (%)) < e.
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L3 |
Prague, May 6, 2003

Happy Birthday Jean-Paul!
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